We present a new initial data formulation to solve the full set of Einstein equations for spacetimes that contain a black hole under general conditions. The method can be used to construct complete initial data for spacetimes (the full metric) that contain a black hole. Contrary to most current studies the formulation requires minimal assumptions. For example, rather than imposing the form of the spatial conformal metric we impose 3 gauge conditions adapted to the coordinates describing the system under consideration. For stationary, axisymmetric spacetimes our method yields KerrSchild black holes in vacuum and rotating equilibrium neutron stars. We demonstrate the power of our new method by solving for the first time the whole system of Einstein equations for a nonaxisymmetric, self-gravitating torus in the presence of a black hole. The black hole has dimensionless spin J bh /M 2 bh = 0.9918, a rotation axis tilted at a 30
Introduction.-Although the term "black hole" was coined fairly recently by John Wheeler 51 years ago, and its physical significance was questioned earlier by Einstein himself, it turns out that 21
st century physics will be dominated by these extraordinary objects. The spectacular first detection by the Laser Interferometer Gravitational-Wave Observatory (LIGO) of a merging binary black hole system [1] , as well as the five follow-up detections, unequivocally confirmed their existence and many of their properties.
Accurate modelling of black hole spacetimes requires initial data that precisely describe the system under consideration. Over the years three main different ideas have been heavily employed to address this problem. These are the conformal transverse traceless (CTT) decomposition [2] [3] [4] , the puncture method [5] , and the conformal thin-sandwich (CTS) approach [6] (see [7] for summary and discussions). Many variants of these formulations exist but of particular importance is the so-called IsenbergWilson-Mathews [8] formulation, whose strength stems from its simplicity and versatility, as it is used for black hole as well as neutron star spacetimes.
All methods described above solve a subset of the Einstein equations. One common characteristic is that they assume the form of the spatial conformal metric which is associated with the true dynamical degrees of freedom of the gravitational field [3] . In [9] the authors used a constrained scheme presented in [10] for the Einstein equations to solve for the conformal metric as well. In doing so they discovered solutions that better satisfy the Einstein equations (at least in comparison to conformally flat solutions) and reach dimensionless spins up to J bh /M 2 bh ∼ 0.85. Their solutions displayed Kerr-like properties but they were not expressed in any of the wellknown coordinates, like the Kerr-Schild ones [11] , which are known to yield high-spin initial data and exhibit good behaviour in evolution simulations.
In this Letter we present a new formulation and a new code within the cocal (Compact Object CALculator) project [12] that solves all the Einstein equations in a self-consistent manner and achieves the following: (1) In the absence of matter our code can reproduce the exact Kerr-Schild solution, even for high spins. No assumptions on axisymmetry are imposed and therefore this is the first generic 3-d method that obtains an exact Kerr solution and can be applied with minimal changes to a broad range of non-axisymmetric problems, such as tilted disks or binary systems. (2) The domain of the solution extends inside the apparent horizon, which is well-suited for evolution simulations. (3) In the presence of massless disks around the black hole our code reproduces well-known solutions (e.g. [13, 14] ). (4) The first self-consistent, tilted black hole-torus solutions are presented that solve for the total spacetime metric. In addition, these are the highest mass ratio and black hole spin solutions constructed for such systems. We present a solution with a spinning black hole whose dimensionless spin is J bh /M 2 bh = 0.9918, has an angle with respect to the angular momentum of the torus of θ = 30
• , while the torus has rest mass approximately five times the black hole mass.
Tilted disk-black hole systems can be produced in the merger of black hole-neutron star systems where the spin of the black hole is tilted with respect to the total angular momentum of the system [15, 16] . Tilted black holes may also arise in massive disks in active galactic nuclei and quasars [17] .
In the following, Greek letters denote spacetime indicies while Roman letters indicate spatial ones. We adopt units with G = c = M = 1, unless otherwise stated.
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Formulation for gravity.-We use the standard 3 + 1 formalism to express spacetime M = R × Σ t as a foliation of three dimensional spacelike hypersurfaces Σ t (t labels the hypersurface) with spatial coordinates x i and unit normal vector n µ . Points with the same values of x i in neighboring hypersurfaces are connected with a timelike vector t µ that can be decomposed as t µ := αn µ + β µ , where α is the lapse and β µ is the (spatial) shift vector. The first fundamental form of the hypersurfaces is γ αβ := g αβ + n α n β , and the full spacetime element is
formal geometry is introduced by setting γ ij := ψ 4γ ij . We further defineγ ij := f ij + h ij , where f ij is the flat metric in arbitrary coordinates and h ij the non-flat contributions which we wish to evaluate together with the rest of the potentials, ψ, α, β i , that are computed traditionally. For the conformal geometry we assume det(γ ij ) =γ = det(f ij ).
Taking combinations of the projections of the Einstein equations (
onto the spatial hypersurface [18, 19] one can arrive at a set of elliptic equations
•β
for the eleven metric potentials ψ, α,β i , h ij . We define h ij throughγ ij = f ij + h ij whereγ ij , f ij the inverses ofγ ij , f ij . The covariant derivatives associated with γ ij ,γ ij , f ij are respectively D,D, and D
• . The symbol 
Eq. (1) is the Hamiltonian constraint,R is the 3-d Ricci scalar of the conformal geometry, ρ H = T µν n µ n ν , K is the trace of the extrinsic curvature
and A ij its trace free part. L n denotes the Lie derivative with respect to the unit normal n α . Since in this work we are interested in solving also for the vacuum Kerr-Schild spacetime we use K = K KS where K KS the trace of the extrinsic curvature of the exact Kerr-Schild metric (for expression see (SM)). The conformal trace-free partÃ ij that appears in all eqs (1-4) is defined asÃ ij = ψ −4 A ij and it is
whereL the conformal Killing operator: (Lβ) ij =D iβj + D jβi − 2 3γ ijDkβ k . Therefore the dynamical term ∂ tγij is contained in all equations (1)-(4) through the conformal trace-free part of the extrinsic curvature and one has necessarily to make a choice for such term. This choice is intimately related to the physical system that one solves for. In this work we choose ∂ tγij = 0 and thereforeũ ij = 0. This is consistent with stationary systems like rotating stars or a Kerr black hole. In binary systems where one typically assumes a helical symmetry, k α = t α +Ωφ α , a better choice would be L kγij = 0 which results toũ ij = −Ω(Lφ) ij . As we discuss below we adopt similar choices for ∂ tÃij .
Eq. (2) is the momentum constraint, j i = −T µν γ µ i n ν , and one can see that the dynamical termũ ij that enters intoÃ ij appears here also through the termD jũim . Another important term in this equation is the one that involvesR ij , the 3-d Ricci tensor associated with the conformal geometryγ ij . One can show [18] that
where the nonlinear termR NL ij is given in the (SM) and
Notice that the termsR i which are identical to theΓ i in the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation [7] . For initial data in order for the whole system (1-4) to converge these functions must be fixed [18] . For rotating stars the Dirac gauge condition F i = 0 was used [20, 21] , which in the case of stationary and axisymmetric problems is also known to yield solutions numerically identical to the exact ones [20] . For binary neutron star systems the same Dirac gauge condition F i = 0 was used in [19, 22] to produce the most accurate initial data, especially for the late inspiral binaries. Similarly [9] applied that gauge for single black hole spacetimes. Here, since we want to be able to retrieve the Kerr-Schild black hole, we set
where h ij KS are the exact Kerr-Schild potentials (for expressions see (SM)). Eq. (28) are gauge conditions that are related to our freedom in choosing spatial coordinates. Setting F i = 0 for black holes may yield solutions qualitatively close to Kerr-Schild, but spins only up to 0.85 [9] .
Imposing conditions (28) to the solutions of the system Eq. (1)- (4), and thereby having a self-consistent iteration scheme, an adjustment is necessary for the h ij . Following [19] , (or [21] Eq. (29-32)) gauge vector potentials ξ a introduced in the transformation
are used to adjust h ab as
where now h ab are chosen to satisfy the condition (28) . The gauge vector potentials ξ a are solved from the elliptic equations,
and then h ab are replaced by Eq. (10).
Eq. (3) is the spatial trace of the Einstein's equation for ∂ t K ij combined with the Hamiltonian constraint. Here S = T µν γ µν , and the only new term that appears is
Eq. (4) is the spatial tracefree part of Einstein's equation. The stress energy source terms are S ij = T µν γ µ i γ ν j and the new term that appears is L αn (ψ 4Ã ij ). This last term contains the dynamical term ∂ t (ψ 4Ã ij ) which we set to zero [21] . In binary systems, as we discussed above, a proper choice would be L kÃij = 0.
In our method we also use excision [23] , and for inner boundary conditions we use the exact Kerr-Schild values on some excised sphere. Ideally this is chosen inside the outer black hole horizon and slightly outside the inner black hole horizon. For outer boundary conditions we use ones that lead to asymptotically flat spacetime. Under these assumptions the system of the 14 elliptic Eqs. (1)- (4), (11) with Kerr-Schild inner boundary conditions converges smoothly to the exact solution if the excised sphere is slightly outside the outer event horizon but initially we were unable to achieve convergence with the Kerr-Schild boundary conditions for the h ij equations when the excised sphere was inside the horizon. In order to overcome this difficulty we make a further decomposition asÃ
whereÃ KS ij is the conformal Kerr-Schild extrinsic curvature,σ a scalar,W i an unknown vector. Substitution in the momentum constraint will produce an elliptic equation for the vectorW i :
The augmented system of the 17 elliptic equations (1)- (4), (11), (13) withσ = 1 and zero boundary conditions for the gauge potentials and the vectorW i , converges smoothly in vaccum or in the presence of matter (like a massive disk), even for near maximally-spinning black holes. In a typical iteration we first solve Eq. (13) to obtainW i , thenÃ ij is constructed through Eq. (12) which is then used in the right hand side of Eqs. (1)- (4) to compute the rest of the potentials. We want to emphasize that any solution of our method not only satifies the constraint equations but it also solves for the conformal geometry thus providing a way to control the gravitational wave content of the initial data in a self-consistent way. Formulation for the fluid.-As a first application of our new formulation we compute massive disks in the presence of tilted black holes. Such systems will inevitably have rich behaviour as they cannot be in equilibrium [24] [25] [26] .
We assume that the stress energy tensor is decribed by a perfect fluid with 4-velocity u α : T αβ = ρhu α u β + pg αβ , where h is the specific enthalpy, ρ the rest-mass density and p the fluid pressure. It is ρh = ρ + p. Bianch identity together with the 1 st law of thermodynamics ρdh = ρT ds + dp, implies
is the relativistic vorticity. By assuming conservation of rest-mass ∇ α (ρu α ) = 0 and an isentropic flow one arrives at the relativistic Euler equation u β ω αβ = 0 [21] . The approximate symmetries that will be invoked will determine the fluid motion. One approximation that can be adopted is to extend the quasi-stationarity condition, of the gravitational fields to the initial fluid variables as well. Thus assume L t (hu α ) = L t ρ = 0. We can also assume that the fluid motion is axisymmetric about the fluid axis, which we take to be the z-axis. Thus L φ (hu α ) = L φ ρ = 0, where φ i the generator of rotations around the z-axis. Under these assumptions, and the fact that the matter 4-velocity can be written as u α = u t k α with k α = t α + Ωφ α , the Euler equation becomes ∇ α ln h u t + u t u φ ∇Ω = 0. Assuming that the combination u t u φ is a function of the angular velocity Ω one arrives at
where E a constant. In terms of the gravitational variables it is j(Ω) = γ ij ω i φ j /(α 2 − γ ij ω i ω j ), with ω i = β i + Ωφ i . For this work we assumed a barotropic fluid EoS with p = Kρ Γ , where K, Γ are constants, but our code can compute more exotic EoSs as in [27] or even in a tabulated form. Given an EoS as well as a differential rotation form for j(Ω) [28] , the algebraic equation (14) must be solved together with (1)-(4), (11) , and (13) in order to compute the fluid variables u t , ρ (alternatively h or p) and the constant E together with the gravitational variables.
Numerical implementation.-For the numerical solution of the Poisson-type of equations, Eqs. (1)- (4), (11) , and (13), we use the Komatsu-Eriguchi-Hachisu (KEH) method for black holes, which was first developed in [23] and implemented within the cocal code in [12] . The Green's functions used in the representation formula match the boundary conditions that we impose on our variables, {ψ,β i , α, h ij , ξ i ,W i }, and in the present calculation are the Dirichlet-Dirichlet functions (for all variables), Eq. (B8) in [23] . A single spherical (r,θ,φ) grid is used, identical to the black-hole grids of [23] , with uniform intervals inθ,φ and non-uniform intervals inr. In the solutions presented here we used N r × N θ × N φ = 660 × 48 × 48 intervals that cover the whole spacer
Herer a denotes the excised sphere inside the horizon and r b = 10 5 m. Convergence studies in the new formulation will be presented elsewhere [29] .
Apart from the isolated Kerr solution we have computed as a check massless axisymmetric disks in the pressence of a Kerr black hole using the differential law Ω = k α [13] where k, α constants and = −u φ /u t the specific angular momentum. Note that j(Ω) = u t u φ = /(1 − Ω ). For a black hole spin a/m = 0.9, differential law parameter α = −17/3, polytropic index Γ = 1.4, and inner point disk characteristics in /m = 3.313, r in /m = 6 our solution shows excellent agreement (maximum density agrees in four significant digits) with a calculation of [30] , used to generate an equilibrium solution prescribed in [14] and constructed via the Illinois GRMHD code [31] .
Tilted black-hole-torus system.-The first selfgravitating black hole-toroidal systems have been computed by Nishida & Eriguchi, [32] , (see also Stergioulas [33] ), while more recently using different methods by Ansorg & Petroff [34] , as well as Shibata [35] . All authors computed equilibria by solving the 2-d problem of sta-tionary and axisymmetric Einstein equations.
With our new method we computed sequences of full 3-d non-axisymmetric solutions of self-gravitating tori around tilted black holes. In order to do that we fix the inner point of the torus along the x-axis (here we usedr in = 8m) and the maximum rest-mass density inside the torus (but not its position). No assumptions are made regarding the shape or the outer boundary of the torus. Solving the equation of hydrostatic equilibrium (14) together with (1)- (4), (11), and (13) we obtain one black hole-toroid model. Then we slightly increase the rest-mass density and recompute the same equations. In this way a sequence of black hole-toroids with increasing mass of the torus is obtained. For low mass ratios and low black hole spins one model needs ∼ 100 iterations, while for high mass ratios and high spins ∼ 1500 iterations are required. A model is computed when all gravitational and fluid variables have a difference ∼ 10
between two successive iterations.
For the particular example shown in Fig. 1 we have black hole parameters, a/m = 0.95 tilted at an anglê θ = 30
• ,φ = 0, a barotropic EoS with K = 123.6, Γ = 2, and a rotation law of the form j(Ω) = A 2 Ω
Ωc Ω q − 1 with A = 0.1, q = 1 [21] . The two constants that appear in our equations, (E, Ω c ), are computed by evaluating Eq. (14) at two points (the inner fixed point of the torus and the point of maximum density) and solving the resulting nonlinear system at each iteration. The disk has maximum height of 200m and maximum width of 242m with inner point atr = 8m as seen in Fig. 1 . Its rest mass is M 0 = 5.181m. The apparent horizon of the vacuum Kerr black hole is at r + /m = 1 + 1 − (a/m) 2 = 1.312. It intersects the x-axis atr + = 1.5233m while its intersection with the z-axis happens atr + = 1.3726m. Our grid covers the regionr ∈ [1.2498, 10 5 ]m and all angles, and excises the regionr < 1.2498. The system has Arnowitt-DeserMisner (ADM) mass M = 6.144m and angular momentum J i = (0.4908, −0.001519, 31.19)m 2 . The angular momentum of the black hole is calculated through the isolated horizon formalism [37] , J i bh = (0.5169, −0.0006792, 0.8925)m 2 . Using the apparent horizon finder described in [23] we calculated the mass of the black hole [36] to be M bh = 1.0198m. Thus the dimensionless spin of the black hole in the black hole-toroid system is J bh /M 2 which shows good agreement in the z-component. This model was the last member of a sequence of black hole-toroids with increasing rest-masses starting from an infinitesimal disk of rest mass ∼ 10 −4 m around a Kerr black hole of dimensioneless spin a/m = 0.95. As the torus gains mass and angular momentum it spins-up the black hole. The last model computed here with M 0 = 5.181m has spinned up the black hole to almost maximal spin. A further increase in the angular momentum and mass of the torus in a quasi-equilibrium state is impossible since it will drive the spin of the black hole beyond the maximum value.
Conclusion.-In this work we present a new formulation for the initial value problem in general relativity for spacetimes that contain a black hole and the first nonaxisymmetric black hole-disk solution. Here the disk is ∼ 5 times more massive than the black hole and the hole has near-extremal spin.
Our formulation provides a good starting point for numerical evolution calculations. Unlike other methods it does not assume a conformal metric (6 components) but instead 3 gauge conditions (3 components) chosen to match known, closely related, physical models (e.g. Kerr-Schild black holes or axisymmetric stars). For stationary axisymmetric spacetimes our formulation yields the unique equilibrium solutions. For nonaxisymmetric spacetimes our solutions are not equilibria, but in contrast to other commonly adopted formulations, they provide a way of controling the gravitational wave content in a self-consistent way.
Although in the present article we used excision, it would not be difficult using the same decompositions to solve also for puncture initial data (by decomposing the conformal factor and solving the Hamiltonian for the regular part), which are widely also used. We think that our method will be useful in the gravitational wave detectionmultimessenger astronomy era since it can compute more accurate initial values needed for simulations similarly to what the original waveless formulation did for binary neutron stars [19, 22] . Problems such as junk radiation, better imposition of helical symmetry, or more accurate resolution of tidal effects are examples where our new method can be more appropriate than current studies.
Geometric Relations 
and thus the tensor fields C k ij ,C k ij are given bỹ
Contraction on the first two indices results to C 
The Ricci tensor associated with the 3-d geometry γ ij is R ij while the one associated with the conformal geometryγ ij isR ij . It is
The termR
andR KS ij is given bỹ
In this work our choice for the gauge functions F i is
For the Ricci scalar we have
Metric Potentials & Diagnostics
For the solution presented in Fig. 1 we plot in the top left panel of Fig. 2 the conformal factor across the x, y axes together with its corresponding values of the isolated Kerr metric. At the bottom left panel we plot the y-component of the conformal shift across the x axis and the corresponding vacuum component. From all the gravitational potentials {ψ,β i , α, h ij }, the conformal factor presents the largest deviation from its value for an unperturbed Kerr metric. In the right column of Fig. 2 we plot two components of the non-flat part of the spatial conformal metric. As we can see the differences with respect to the unperturbed Kerr values are small.
We calculate the rest-mass and the Komar angular momentum of the torus according to [7] ,
where ω i = β i + Ωφ i . The Arnowitt-Deser-Misner (ADM) mass and the angular momentum of the system are
where F i is given by Eq. (28) and dS i = D ir √ γd 2 x. In our calculations the integrals at infinity are performed at the spherer ∼ 6 × 10 3 m. Here φ a(i) = aij x j denotes the rotation vector along the three axes so that φ a(3) = φ a is the rotation vector along the z-axis.
As in [35] in order to compute the mass of the black hole we first calculate the apparent horizon as in [23] and its area A, hence the irreducible mass
The mass of the black hole can be approximated using the Christodoulou formula
where J i bh is calculated through the isolated horizon formalism [37] . 
